
16. Triple Integrals Part 1  
In this lecture, we will discuss

Definition of the triple integrals 

over a rectangular box

over a general bounded region 

Three types of the bounded region

Triple Integrals in Cylindrical and Spherical Coordinates, Part 1

 

 

Definition of the triple integrals 

Triple integral of  over the box 

We first consider the simplest case where  is defined on a rectangular box:

 

Divide  into sub-boxes. We do this by dividing the interval  into  subintervals  of equal 
width , dividing  into  subintervals of width , and dividing  into  subintervals of width 

. 

The planes through the endpoints of these subintervals parallel to the coordinate planes divide the box  
into  sub-boxes

 

shown in the figure below.

Note each sub-box has volume .

Similar to the case of double integral, we form the triple Riemann sum
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where the sample point  is in . 

We choose it to be the sample point  we get a simpler-looking expression below

 

Definition   The triple integral of  over the box  is

 

if this limit exists.

 

Similar to the double integral, we have

Fubini's Theorem for Triple Integrals If  is continuous on the rectangular box , 
then

 

 

The iterated integral on the right side of Fubini's Theorem means that we integrate first with respect to  
(keeping  and  fixed), then we integrate with respect to  (keeping  fixed), and finally we integrate with 
respect to . 

There are five other possible orders in which we can integrate, all of which give the same value. 

For example, if we integrate with respect to , then , and then , we have

 

 

Triple integral of  over a general bounded region 

Again similar to the case of double integral, we put  in a box  of the type given by Equation (1) . 

Then we can define a function  such that it agrees with  on  but is  for points in  that are outside 
. 

Thus we have

 

Three types of the bounded region
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Three types of the bounded region

Type 1 Region

A solid region  is said to be of type 1 if it lies between the graphs of two continuous functions of  and , 

 

where  is the projection of  onto the -plane as shown in the figure below.

Similar to the case of double integral, it can be shown that if  is a type 1 region given by Equation (2), then

 

Particularly, if the projection  of  onto the -plane is a type 1 plane region (see Lecture 14) as in the figure 
below, then
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Therefore, Equation (2) becomes

 

On the other hand, if  is a type 2 plane region (see Lecture 14) as in the following figure, then

 

Then, Equation (2) becomes
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Example 1. Find the volume of the solid in  bounded by , an .
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Example 2. Evaluate the triple integral , where  is bounded by the cylinder  and the 

planes , and  in the first octant.
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Type 2 region

A solid region  is of type 2 if it is of the form

 

where, this time,  is the projection of  onto the -plane in the figure below. 

The back surface is , the front surface is , and we have

 

Type 3 region

A type 3 region is of the form

 

where  is the projection of  onto the -plane,  is the left surface, and  is the right 
surface in the figure below. 

For this type of region we have
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Remark:  Each of Equations (6) and (7) may have two possible expressions for the integral depending on 
whether  is a type 1 or type 2 plane region (in Lecture 14) corresponding to Equations (4) and (5).

 

Example 3. Rewrite the triple integral  as 
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Triple Integrals in Cylindrical and Spherical Coordinates, Part 1

In this section, we discuss that some triple integrals are easier to evaluate using cylindrical or spherical 
coordinates.

We will talk about the cylindrical coordinates in part 1. The spherical coorinates will be covered in Lecture 17.

Recall from Lecture 7 that the cylindrical coordinates of a point  are , where , and  are shown 
in the figure below. 

Suppose that  is a type 1 region whose projection  on the -plane is described in polar coordinates in 
the figure below. 

Suppose that  is continuous and

 

where  is given in polar coordinates by

 

From Equation (3) we have
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We also know how to evaluate double integrals in polar coordinates. Combining Equation (8) with the 
equation in Lecture 15 on page 12, we obtain the following formula

Theorem 1 Formula for triple integration in cylindrical coordinates

 

The formula states that we can convert a triple integral from rectangular to cylindrical coordinates by 
writing , leaving  as it is, using the appropriate limits of integration for , and , 
and replacing  by . 

The figure below shows how to remember the relationship 
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Example 4.  Use cylindrical coordinates to calculate :
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Example 5.  Find the volume of the wedge-shaped region contained in the cylinder  and bounded 
above by the plane  and below by the -plane.
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Exercise 6. Use a triple integral to find the volume of the solid enclosed by the paraboloids  and 
.

Answer.

The paraboloids intersect when , which implies .

Therefore the intersection is the circle , .

The projection of  onto the -plane is the disk , so 

 

Let . 

Using polar coordinates  and , we have
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Exercise 7. Integrate  over the region in the first octant  above the parabolic 
cylinder  and below the paraboloid .

Answer.

We first find the projection of the region  onto the -plane. 

We find the curve of intersection between the upper and lower surfaces, by solving the following equation for 
 :

 

The projection  of  onto the -plane is the region bounded by the circle  and the positive 
axes.

We compute the triple integral over  by evaluating the following iterated integral:
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To find the antiderivative of , we have 

 

Thus 
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Exercise 8. Find the volume of the pyramid with base in the plane  and sides formed by the three 
planes  and  and .

Answer.

The pyramid is shown in the figure below.

The planes , and , and  intersect the plane  in the lines 
 on the  plane (think about looking straight down on the pyramid).

Let  be the triangle in the planes  with the above three points as vertices. Then, the volume of the 
solid is

 

Integrating with respect to , we have

 

so that

 

To evaluate this last integral we expand the squared terms and then proceed as expected, getting
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Exercise 9. Use cylindrical coordinates to calculate  for the given function and region:

 

Answer.

The upper boundary of  is the plane , and the lower boundary is . Therefore, 
.

The projection  onto the -plane is the circle  or . That is,

 

The inequalities defining  in cylindrical coordinates are thus

 

Thus we have the following integral:

 

Exercise 10. Evaluate the triple integral of  over the solid cylinder with height 8 and 
with base of radius 2 centered on the  axis at .

Answer.

By Equation (9) in Theorem 1, we have

 

Integrating,
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