16. Triple Integrals Part 1

In this lecture, we will discuss

e Definition of the triple integrals
o over a rectangular box
o over a general bounded region £

e Three types of the bounded region

e Triple Integrals in Cylindrical and Spherical Coordinates, Part 1

Definition of the triple integrals
Triple integral of f over the box B
We first consider the simplest case where f is defined on a rectangular box:

B={(z,y,2) [a<z<bc<y<dr<z<s} (1)

e Divide B into sub-boxes. We do this by dividing the interval [a, b] into [ subintervals [z;_1, ;] of equal
width Az, dividing [c, d] into m subintervals of width Ay, and dividing [r, s] into n subintervals of width

Az.
e The planes through the endpoints of these subintervals parallel to the coordinate planes divide the box B

intol X m X n sub-boxes

Biji = [i—1, Zi] X [Yj—1,Y;] X [2k-1, 2k]

shown in the figure below.

e Note each sub-box has volume AV = AzAyAz.

e Similar to the case of double integral, we form the triple Riemann sum
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ZZ f (@50 Viges 2i) AV

where the sample point (mijk, Yijk zijk) is in Byjy,.

e We choose it to be the sample point (z;, Y zy) We get a simpler-looking expression below

Definition The triple integral of f over the box B'is

m n

!
//Bf(:c,y, z)dV = dm 3 Z g f (@i, yj, 21) AV
i=1 j=1 k=1

if this limit exists.

Similar to the double integral, we have

Fubini's Theorem for Triple Integrals If f is continuous on the rectangular box B = [a, b] X [¢,d] X [r, s]

then
///B fe,p2)aV = / 5 / d / bf(w,y, 2)dzdydz

e The iterated integral on the right side of Fubini's Theorem means that we integrate first with respectto x

(keeping y and z fixed), then we integrate with respect to y (keeping z fixed), and finally we integrate with
respect to z.

e There are five other possible orders in which we can integrate, all of which give the same value.

e For example, if we integrate with respect to y, then 2z, and then z, we have
b s d
J| t@wawv = [ [ [ sy 2)dyazde
B a r c

Triple integral of f over a general bounded region E

e Again similar to the case of double integral, we put E in a box B of the type given by Equation (1) .

e Then we can define a function F' such that it agrees with f on E but is 0 for points in B that are outside EX

e Thus we have

[[] e = ][] v
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Three types of the bounded region

Type 1 Region

A solid region E is said to be of type 1 if it lies between the graphs of two continuous functions of  and y,
E={(z,y,2) | (z,y) € D,us(z,y) < z <uz(2,9)}, (2)

where D is the projection of EZ onto the zy-plane as shown in the figure below.

A Type 1 Region

Similar to the case of double integral, it can be shown that if E is a type 1 region given by Equation (2), then

///E flz,y,2)dV = //D [/1:::/) flz,y,2)dz

Particularly, if the projection D of E onto the xy-plane is a type 1 plane region (see Lecture 14) as in the figure
below, then

dA (3)

E={(z,y,2) |a <z <bgi(x) <y<gez),u(z,y) <z<uz,y)}

Z4 22Ua(1,Y)

\ﬁ;zriﬂ’-»“'j)

|
ﬂzj'(x) l - : j=j;o<) j

A Type 1 Region

b
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Therefore, Equation (2) becomes

// f(z,y, 2)dV = / / / " f(z,y, 2)dzdydz (4)

On the other hand, if D is a type 2 plane region (see Lecture 14) as in the following figure, then

E = {(3:73/7 Z) | c < Yy < d7 hl(y) < z < h2(y)au1(x7y) < z < w(a:,y)}

Z 4 Z:M*(K'ﬁ)

=]

z:uunj)

X :h,(:p
A Type 1 Region

Then, Equation (2) becomes

/// f(z,y,2)dV = / / " L :L:Zy)f(x,y, )dzdady (5)
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Vol (E) = J{[; 19V

Example 1. Find the volume of the solid in R3 bounded by y = 2?,z = 4*,z=2 +y + 9,anz = 0.
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Example 2. Evaluate the triple integral /// 2dV, where E is bounded by the cylinder y2 + 22 = 9 and the
E

I
)

(0.3)

planesx = 0,y = 3z, and z = 0 in the first octant.

—
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Type 2 region
A solid region E'is of type 2 if it is of the form
E={(z,y,2) | (y,2) € D,u1(y, 2) < & < uz(y, 2)}

where, this time, D is the projection of E onto the yz-plane in the figure below.

‘ x:u,(j,z)

A= Ua lj,i)

A Type 2 Region

The back surface is = u1(y, 2), the front surface is € = u2(y, z), and we have

///E flz,y,2)dV = //D [/::i:) f(z,y, z)dx

A type 3 region is of the form

dA

Type 3 region

E = {(x’:% z) | ($7z) S D7u1($7z) SYS u2($’z)}

(6)

where D is the projection of E onto the zz-plane, y = ui(x, 2) is the left surface, and y = us(x, 2) is the right

surface in the figure below.

In

g
s

A Type 3 Region

j:u,lxﬂ)

For this type of region we have

///Ef(m,y,z)dV://D [/u(()) f(z,y, 2)dy

dA
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Remark: Each of Equations (6) and (7) may have two possible expressions for the integral depending on
whether D is a type 1 or type 2 plane region (in Lecture 14) corresponding to Equations (4) and (5).

L pz pry b rga(2) pha(y,2)
Example 3. Rewrite the triple integral / / / f(z,y, z)dzdydx as / / / f(z,y, z)dzdydz
o Jo Jo a Jgi(z) Jhi(yz)

NS Denote {he [Hejrwﬁ mjfon U E

From ﬂu&jivew ﬁormwﬁ, we hrow

0D=X2Z2=
Oﬁjf%
0= x <
Thus we have szstXSI ®

/jfxgl
z5g\<1
0525‘
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Triple Integrals in Cylindrical and Spherical Coordinates, Part 1

In this section, we discuss that some triple integrals are easier to evaluate using cylindrical or spherical
coordinates.

We will talk about the cylindrical coordinates in part 1. The spherical coorinates will be covered in Lecture 17.

 Recall from Lecture 7 that the cylindrical coordinates of a point P are (r, 6, z), where 7, §, and z are shown

in the figure below.

e Suppose that E'is a type 1 region whose projection D on the zy-plane is described in polar coordinates in

the figure below.

P(»uj Z)
Pcr.0.2)

e Suppose that fis continuous and
E={(z,y,2) | (z,y) € D,ua(,y) < 2 < uz(z,y)}
where D is given in polar coordinates by

D={(r0)|a<0<pbh(f) <r<hy6)}

=1

2'—“-:.(*,3)

N

Y

r=h® o : : 2= .j):
W
D= . J

X r=h,0)

e From Equation (3) we have

//Ef(w,y, z)dV = //D [L;j?j) f(z,y,2)dz

dA
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If fis continuous on a polar region of the form
D={(r,0) | a <0< B hi(0) <r < hy(6)} then

I f(z,y)dA = faﬂ hhl:’(((f)) f(rcos @, rsin 0)rdrdf.

e We also know how to eyé’\uate double integrals in polar coordinates. Combining Equation (8) with the

equation in Lecture 15 0n page 12, we obtain the following formula

Theorem 1 Formula for triple integration in cylindrical coordinates

1(r cos 6,7 sin 6)

B ph2(0) pus(rcosé,rsind)
// f(z,y,2)dV = / / / f(rcos@,rsin b, z)rdzdrdf
E a Jh0) Ju

(9)

The formula states that we can convert a triple integral from rectangular to cylindrical coordinates by

writing = rcos 0,y = rsin 6, leaving z as it is, using the appropriate limits of integration for 2z, , and 6,

and replacing dV by rdzdrd.

The figure below shows how to remember the relationship dV = rdzdrdf

\
o —
S e e —

4o dz

dVv = rdzdrdf

/ )
Rocald|  we exflu'v\ed whay The bottowm /7QC4MM]/€ ZLMS LYoo

vdrd@ in leclure 1S

Tl’lMS d\) 1\5 0]7‘{0.~MQC‘ lz] MM"(;‘QI/Z | Y\(j the, Oreen YOIVO‘Q Wl\‘fl/\

Hhe )’leijh* dz .

A When @ ¢ Srv\allenmtjl«,
that 15, when 040,

oy o den 9 2 sing

AL Nyp Thonone side of +he

' ”Tt’ffw:jled has Lenj#\ A 1do

The other sice has length

>
dr In o obuimg WOMJ

Thus oA =rdrdf
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Example 4. Use cylindrical coordinates to calculate :

/// 2?2 +y2dV Wizl +42 <36, 0<z<12
w

ANS - The Fm“edm\)\r\ o]t W onto  the Xj‘f'“‘e 18 e
wjl\oﬂ inside the Circle xﬁj‘: 36
n In rolo.r coovohnete s,

Ty . b o6 osre

\JB —Hte, »uﬂuer ond lower 1>oun(>1wes Gre

Plomes 2=0 Omd Z-|[2

Thue  the 7@3‘07} W hos he J[OHOWN\I] o[escr(f4fa>‘
n cghnolmw' coorol notes -

W 0 =8=21 03rv=(, OS5z =<2

Ler
_Jj (><+ )V JJJ Yw6«9+r9un9)rclzdy\c(8

A7) 3 2=
=J0 s [z drds = [0 v g o
09 = 36" 8" - (6 -

2=o0
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Example 5. Find the volume of the wedge-shaped region contained in the cylinder z? + y2 = 16 and bounded
above by the plane z = x and below by the zy-plane.

ANS: Sim;/m\ *[,Lo ‘U\e 7DT€U;‘01,(,5
Pro BL@M, we S%aﬁc J[row\ QKFYQSSfV\j
H@vaen Yejlcm, 50t7 W, 1n termsg

o]L I>O/0u* cooro notes

loome Z=xX 0ngl be(@.,\) U 2-0
Thats

O=%2 = X = recosd ®

— PWJ“CM(O‘Y’U’ X = 0 eroﬁ o TZ’WS the t)vojec N cyf nJ
(')YﬁD Kj' r(ome 13 {he ’fouou/n‘v\\j Q?—M'cffcle )

N Kajéu

A D:-T

(5 T ere—fom_ i
W -

osz=zywd -ITs9=I o=r =g
Thus the volumn OT the Solid 1'n terms oT
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Exercise 6. Use a triple integral to find the volume of the solid enclosed by the paraboloids y = z? + 2% and

y=28—x%— 2%

Answer.

J

jz g__x:._ 21

The paraboloids intersect when 22 + 22 = 8 — 22 — 22, which implies 2 + 22 = 4.
Therefore the intersection is the circle 2 4+ 22 = 4, y = 4.
The projection of E onto the zz-plane is the disk x? 4+ 22 < 4, so

E={(z,y,2) |2®+2* <y<8—2”—2% 2"+ 2% <4}.
Let D = {(z,2) | #* + 2* < 4}.

Using polar coordinates x = 7 cos # and z = rsin 6, we have

v [l ff ([ a)aa= [ s-2t - 2yan
= /0%/02 (8 — 2r*)rdrdf = /027r de/: (8r — 2r%)dr

1 2
= [6)3" [47«2 — 57“4] =27(16 — 8) = 167
0
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Exercise 7. Integrate f(z,y, z) = 20xz over the region in the first octant (z, y, z > 0) above the parabolic
cylinder z = 3% and below the paraboloid z = 8 — 2z2 — y2.

Answer.
We first find the projection of the region E onto the zy-plane.

We find the curve of intersection between the upper and lower surfaces, by solving the following equation for
z,y>0:

8—22>—yP=9y? = YP=4-2) = y=+V4—-222>0

The projection D of E onto the xy-plane is the region bounded by the circle z? + y2 = 4 and the positive
axes.

J
2
Y=4-x*
D
o > > X

We compute the triple integral over E by evaluating the following iterated integral:

8—2.172—y2
/// 20a:de:// / 20x2dz |dA
E D 32
8—2x%—?
:// 10z2?
D z=y

dA
://Dl(]x ((8—2m2—y2)2—y4>dA
://D 10z (8 — 2z° — 2y°) (8 — 22%)dA
://D40x(4—m2) (4 —2* —y?)dA

_ /02 (40;1; (4 - 2?) /OW (4 - z? —yz)dy)dw

/02403; (4 — %) ((4—z2)y_ %3) y;xz

dz
4 — 2 3/2 9
40z (4 — 2?) ((4_3;2)3/2_%)@:%/ (4— ) eda
0

2

Il
S,
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/

To find the antiderivative off (4 — m2)5 2mda:, we have

/(4_ $2)5/2xda: _ _% /(4 _ x2)5/2d(4 —2?) = _%(4_ x2)7/2

2
/// 20xzdV = @/ (4—1:2)5/2:cdx
E 3 Jo

80 1 7722
=5 =)@ -2°)"
80 ;10240

21

Thus

~ 487.619
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Exercise 8. Find the volume of the pyramid with base in the plane z = —10 and sides formed by the three
planesy =0andy —x =3andz + 2y + z = 3.

Answer.

The pyramid is shown in the figure below.

The planesy = 0,andy — x = 3, and = + 2y + z = 3 intersect the plane 2 = —10in the lines
y=0,y—x =3,z + 2y = 13 onthe z = —10 plane (think about looking straight down on the pyramid).

Let R be the triangle in the planes 2 = —10 with the above three points as vertices. Then, the volume of the

16/3 ((13-2y) p3—z—2y 16/3  p(13—2y)
V= / / / dzdxdy = / / 13 — x — 2ydzdy
0 y—3 ~10 0 y—3

Integrating with respect to x, we have

16/3 1
V= / ((13 —2y)z — —x2)
0 2

solid is

z=(13—2y)

r=y—3

so that

16/3 1
V=/ (13 — 2y)(16 — 3y) — 5((13—211)2 — (y—3)%)dy.
0

To evaluate this last integral we expand the squared terms and then proceed as expected, getting

2048
V="
9
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Exercise 9. Use cylindrical coordinates to calculate /// f(z,y, z)dV for the given function and region:
w

f(z,y,2) =2, z*+1y*<2<25

Answer.

The upper boundary of W is the plane z = 25, and the lower boundary is z = z? + y2 = r2. Therefore,
r? < z < 25.

The projection D onto the zy-plane is the circle 22 + y2 = 25 orr = 5. That s,
D:0<0<2n,0<r<5H
The inequalities defining YW in cylindrical coordinates are thus

W:0<60<2r,0<r<571><z<25

Thus we have the following integral:
25
drdf =

o p5 p25 L
/ / / z2dV = / / / zrdzdrdf = / / —
w o Jo J o Jo 2|, _.

2r p5 p (625 _ T4) 2m p5 625r — ,’,,5 2m 6257’2 ,,,6
T drde = 2T rdf = _
/0 /0 2 " /O /0 2 " /0 4 12

2w
= 2604.17/ df = 5208.337
0

5

do
0

Exercise 10. Evaluate the triple integral of f(z,y, z) = cos (:L'2 + yz) over the solid cylinder with height 8 and
with base of radius 2 centered on the z axis at z = —3.

Answer.

By Equation (9) in Theorem 1, we have

5 p2m p2

/ fdv = / / / cos (rz)rdrdﬁdz

w -3Jo Jo
5 27 2 5 27 1

/ / / cos (rz)rdrdedz:/ / — -sin (r2) dldz

-3Jo 0 3Jo 2 r—0

5 o2y 1. 5 B .
_ /_ 3 /0  (sin(4))dfdz = — (sin(4) /_ 2nd = $x(sin(4))

Integrating,
r=2
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